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Vibration and Buckling of Flexible Rotating Beams
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Perturbation techniques are employed to estimate the free vibration characteristics and buckling limit of a
flexible rotating Bernoulli-Euler beam. The normalized beam stiffness e = EI/m&R4 is introduced and treated
as a small parameter. Then, singular perturbation solutions to the governing eigenvalue problem are derived that
are valid up to and including order e for any given hub radius. The special case of a zero hub radius is then
considered and the corresponding solutions are presented. Next, a transformation is introduced which leads to a
regular perturbation formulation of the problem the solution of which is presented. The natural frequency/mode
shape predictions and buckling limits obtained from both the singular and regular perturbation formulations
are compared with "exact" values obtained from a power series solution of the eigenvalue problem. The singular
perturbation solution matches well with the "exact" values for small stiffnesses whereas the regular perturbation
solution provides an excellent accuracy for all beam stiffnesses and hub radii considered.

I. Introduction

T HE determination of the dynamic response of rotating beams,
i.e., mode shapes, natural frequencies, etc., is an important

prerequisite in the design of helicopter and turbomachinery blades
(see Ref. 1 for an extensive literature review). In this context, it has
often been observed that the parameter e = E7/w£22/?4, which
quantifies the relative magnitude of the restoring force provided
by the_beam stiffness (El) with respect to the centripetal effect
(w£22#4), is small, e.g., of the order of 0.004 for helicopter blade
applications.2 This situation has quite naturally led to the formula-
tion of perturbation-based approximations of the natural frequencies
and mode shapes of the beam but also of its buckling limit.

Among the first published results in this area that rely on singular
perturbation techniques are those of Colin3 and Peters4 who studied
outward-facing cantilever beams, for which the support is the closest
point of the beam to the center of rotation (see Fig. 1), with zero
hub radius, i.e., a = 0. In the former investigation,3 approximations
of the first two natural frequencies and mode shapes are presented
that are valid to order e 2 for e <& 1. The latter study,4 yielded order
e 2 natural frequency and mode shape expansions for all modes and
an order e approximation for the first mode. In addition, a large
stiffness expansion was developed in Ref. 4 which can be combined
with the previously derived small stiffness limit to obtain a global
approximation of the natural frequencies. The mathematical aspects
of the eigenvalue problem have been studied in detail by Lakin5

and Lakin and Ng6 whq rigorously developed natural frequency
expansions up to order e 2 along with mode shape approximations.
These results verified and extended the expansions given in Ref. 3
and 4. The case of a nonzero hub radius, a ̂  0, was investigated by
Hodges7 who developed a general approximation of the first natural
frequency by combining the a % 0 and a « R limiting cases.

The related problem of the vibration and buckling of an inward-
facing rotating beam, for which some or all of the points of the
beam are closer to the center of rotation than is the support (see
Fig. 1), has also been investigated by perturbation techniques. In
particular, an asymptotic approximation of the transverse buckling
limit was developed by Nachman8 whereas the limiting behavior, as
e -> 0, of the natural frequencies of vibration was investigated by
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Lakin.9 A general approach was then devised by these authors10'11

to analyze both vibration and buckling of an inward facing beam
in a single framework. This new procedure relies on the dual role
of the eigenvalues, i.e., either the vibration natural frequencies or
the growth rates for buckling. An interesting conclusion from these
studies is that buckling is possible even when the beam is fully under
tension, i.e., R > \a\ and a < 0. An order e* composite expan-
sion of the buckling limit valid for all values of stiffness and hub
radii was developed by Peters and Hodges12 who confirmed that
buckling is possible for beams fully under tension. Additional re-
lated work, on the buckling and vibration of a rotating spoke having
clamped boundary conditions at both ends, has been completed by
Lakin et al.13 and Lakin and Nachman.14

The purpose of this investigation is to present a unified and thor-
ough treatment of the vibration characteristics and buckling limit of
inward/outward-facing rotating beams. Specifically, perturbation-
like approximations of the natural frequencies, mode shapes, and
the buckling limit will be derived by extending and generalizing
the method used in Ref. 4. Also, and more importantly, a new so-
lution strategy that involves a regular perturbation problem will be
presented. It is hoped that the physical aspects of the vibration and
buckling of rotating beams brought up by the present perturbation
techniques will ultimately be used to improve the computational
techniques for the dynamic analysis of helicopter and turbomachin-
ery blades.

II. Rotating Beam Differential Equation
In this section, the differential equation governing the small am-

plitude motions of a rotating Bernoulli-Euler beam is developed.
Both transverse and in-plane cases are discussed for beams fac-
ing inward or outward as shown in Fig. 1. Although vibration and
buckling are separate problems, they can be analyzed in a unique
framework by associating the buckling limit with a vanishing natural
frequency of vibration.

The differential equation governing small amplitude motions of
the constant cross section beams shown in Fig. 1 is

—m-
32w

—m
32w
3t2

transverse

in plane
(D

where m denotes the beam's mass per unit length and El its flexural
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Fig. 1 In-plane/transverse rotating beam configurations.

rigidity. Further, w(x,t) is the time varying displacement compo-
nent at a location *, and Q is the beam's angular velocity. The
boundary conditions associated with Eq. (1) correspond to the ex-
isting supports. In the present investigation, it is assumed that the
beam is clamped at x = a and free at x = R so that

u;(fl, t) = 0,
dw

(2)

Introducing the dimensionless quantities x = x/R and T = Qf,
and assuming a harmonic solution of the form w(x, r) = X(x)
exp(/o>r), it is found that Eqs. (1) and (2) reduce to

d4X d
(3)

and

(4)

where s = EI/mQ2R4 is the beam's normalized stiffness, a =
a/R, and

A =
transverse vibrations
in-plane vibrations

In addition, a normalization condition

(5)

(6)

is imposed on the mode shape.
In a vibration analysis, s is a known quantity and Eqs. (3) and (4)

constitute a standard eigenvalue problem which possesses a non-
trivial solution only for specific values of A. Each such A yields a
corresponding natural frequency co and a mode shape X(x). When
studying buckling, it is noted that the term exp(/ewr) grows un-
bounded with increasing time r whenever &>2 < 0. Thus, the stabil-
ity limit is the value of e which results in zero natural frequencies,
i.e., co = 0.

III. Solution Methods
In this section three techniques for solving the eigenvalue problem

will be presented: an "exact" approach based on power series and
both singular and regular perturbation methods.

A. "Exact" Solution
An "exact" numerical solution to Eq. (3) can be developed by

relying on a power series expansion similar to the ones used by
Stafford and Giurgiutiu,15 Giurgiutiu and Stafford,16 and Wright et
al.17 Specifically, the solution X(x) is sought in the form of a power
series about the ordinary point x = 1, i.e.,

(7)

Applying the boundary conditions (4) and the normalization con-
dition (6) to the preceding solution yields a nonlinear algebraic
equation in the two parameters e and A.

The numerical aspects of the solution of this equation for either
the eigenvalue A or the critical stiffness ecr deserve some attention.
Specifically, the appearance of the stiffness s in the denominator of
the recurrence relation for an (Ref. 25) has been found to lead to
an ill conditioning when s <£ 1. The critical value of the stiffness
below which numerical difficulties are encountered depends on the
algorithm selected, but it is typically of order s % 0.001. These
computational difficulties are not unexpected since in the limit e ->
0 the order of the governing differential equation reduces from four
to two with a change in boundary conditions, from Eq. (4) to zero and
bounded displacements at the clamped and free ends, respectively.
A similar situation, i.e., decreased accuracy as e -> 0, has also been
encountered when Eq. (3) is solved by using energy methods and is
discussed in Ref. 4.

For vibration analysis, s is known beforehand, and the nonlin-
ear equation is solved for the eigenvalue A. The mode shape is
then determined from Eq. (7). Finally, the corresponding natural
frequency is computed from Eq. (5).

The power series method can also be used to determine the
buckling limit. However, in this case, the value of the parameter
A is known, it corresponds to co = 0 through Eq. (5), whereas the
beam's normalized stiffness is to be determined. This computation is
achieved by solving for e, the critical stiffness, as the sole unknown.

B. Singular Perturbation Solution
In many practical situations, the beam's normalized stiffness e is

small with respect to unity. Thus, it is quite natural to seek solutions
of Eq. (3) by relying on the limiting case e = 0. In this context,
however, note that the degree of the differential equation (3) drops
from 4 to 2 as e vanishes. Following standard arguments,18 it can
be shown that the solution of Eq. (3) with s = 0 closely approx-
imates its s ^ 0(0 < s <£ 1) counterpart in the so-called outer
domain consisting of the entire interval x € («, 1) from which
small neighborhoods of the two boundaries, the inner domains or
boundary layers, are excluded. Further, the behavior of the solu-
tion in these small boundary layers is dictated by the parameter s.
This fundamental role is best revealed by performing a coordinate
stretching. Proceeding in this manner yields three different differen-
tial equations which are each valid in one part of the domain [a, 1].
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A matching procedure can then be used to patch the three separate
solutions into a single composite approximation.18

This procedure has been followed by Peters4 in the case a = 0
to obtain an order s approximation of the first natural frequency of
the beam and order s 2 approximations of the remaining ones (the
"combined" expressions given in Ref. 4). The derivation of higher
order approximations and the case a ^ 0 was not presented, prob-
ably because of the serious mathematical difficulties it entails. In
the present investigation, some new results19 will be used to demon-
strate how an approximation of any order in s can be obtained for
both cases a = 0 and a ^ 0. Further, some discrepancies between
Refs. 4 and 6 will be presented and resolved.

Governing Equations
Following the preceding discussion, introduce first the change of

variables £ = (x — a)/sy into Eq. (3). Then, balancing dominant
terms for e small and £ finite, it is found that y = | and that the
inner equation around x = a is

—— -eXX'=0 (8)

with the boundary conditions

= 0 (9)

corresponding to the first two relations of Eq. (4). Proceeding sim-
ilarly near the tip, a transformation rj = (I — x)/sv leads to v = |,
and the corresponding inner equation around x = I is

with boundary conditions dictated by the last two relations in Eq. (4)
and the normalization requirement, Eq. (6), i.e.,

dr?2 = o, d3*/(^0)=o.
(11)

Finally, no transformation is required in the outer region, so that

XX°(x) = 0 (12)

for x E (a, 1). Note that there is no boundary condition associated
with the outer equation since the corresponding domain of definition
does not include jc = a or x = 1.

The next step in the process is to assume that the solutions in
the inner and outer regions can be expressed as power series of
the parameter s. The terms s 3, e2, and s in Eqs. (8), (10), and
(12) suggest expanding the functions X°(x), X'(£), X7(^) and the
parameter A in powers of £6 , or equivalently,

(13)

(14)

(15)

(16)

5=0

5=0

Introducing Eqs. (13-16) into Eqs. (8-12) produces three differ-
ential equations which must be solved at each power of s 5. Each
equation will be discussed separately in the following sections.

Inner Domain at x — a
Introducing the expansions (14) and (16) into Eqs. (8) and (9)

yields the recursive set of differential equations

5-6

/ ^nXl
s_n_6,

and the boundary conditions

where X*s = 0 for s < 0, and a
from Eq. (17) that all solutions
part

dXi

= 0,1,2, . . . (17)

(18)

- 02)/2. It should be noted
share the same homogenous

i-"* + dsf* (19)

where as,bs,cs, and ds are unknown constants to be determined
by the boundary conditions and the matching process. Further, the
particular solution can be found by the method of undetermined
coefficients and consists of polynomials in £ and products of poly-
nomials in £ by e~a* and similar terms with e^.

Outer Region
Inserting the perturbation expansions Eqs. (13) and (16) into

Eq. (12) and comparing powers of s yield the recursive set of dif-
ferential equations

+ 2-
d4x;5-6

djc4 = 0,1,2, . . . (20]

where the substitution X0 = v(v + l)/2 has been made and X° = C
for s < 0. As stated previously, the outer equation is not required
to satisfy any boundary condition. Note again, that the differentia]
operator appearing on the left-hand-side of Eq. (20) is the same foi
all values of s. Thus, the homogenous parts of X° (x) are all the same
and can be expressed in terms of the Legendre functions PV(JC) anc
Qv(x) as

where as and bs are arbitrary constants to be determined in the
matching process. Note that the function Qv(x) can be expressed a*
the sum of two terms which are regular and singular, respectively, a
x = 1. Further, the singular part can be written as Pv(x) L (1 — x)

In view of Eq. (21), the solution of Eq. (20) at any order s can to
written as

= a,Pv(x) + b,Qv(x) + [X°s(x)]p (22

where [X°(x)]p is the particular solution of Eq. (20) at orders. Itcai
be found by the method of reduction of order since the homogenou:
solution is known. Specifically, introducing an assumed solution o
the form [X°(x)]p — Pv(x)h(x) into Eq. (20) and integrating twic<
yields

(2:
where fs (x) denotes the right-hand side of Eq. (20) at order s. Thi
choice of the integration limits in Eq. (23) , from 1 to u, eliminate
any singularities of the integrand at u = 1. Further, any singularity
at the zeros of Pv(u) is eliminated through the multiplication b;
Pv(x). Therefore, the particular solution [X°s(x)]p is well define<
and finite for all values of x and s. It was found that the particula
solution corresponding to s = 3, i.e., [X%(x)]p, could be expressei



EICK AND MIGNOLET: VIBRATION AND BUCKLING OF ROTATING BEAMS 531

Inner Domain at x = 1
Introducing the expansions (15) and (16) into Eqs. (10) and (11)

yields the recursive set of differential equations

d4x; d f dXH 1 dr-dX,'
d??4 dr? I' dr? J 2 dr? |_ dr?

s-2+E«w
7=0

with boundary and normalization conditions

l,

dr?

= 0,1,2, . (24)

(25)

where X/ = 0 for s < 0. As already seen in connection with the
two previous solutions, the homogenous part of X!

s (r?) is the same
for each order s and can be expressed as

=b, I Ai(t)dt + cs I
Jo Jo

, r-nas I
Jo

Gi(t)dt (26)

where Ai(t), Bi(t), and Gi(t) denote Airy functions.20 The con-
stants as,bs,cs, and ds are arbitrary and will be determined by the
boundary conditions and the matching process. The particular so-
lutions corresponding to any order s can easily be found, using
the method described in Ref. 19, as linear combinations of prod-
ucts of polynomials in r? and derivatives of the homogenous part

Matching
It should be noted that enforcing all of the boundary and normal-

ization conditions does not lead to a unique solution for the func-
tions X^(jc), Xj(£), and X7(r?). This conclusion results from the
existence, at any order s, of only five boundary^and normalization
conditions for 10 arbitrary constants, as,bs,as,bs,cs,ds,as,bs,cs,
and ds. In fact, these parameters should also be selected so that the
transition from an inner solution to the outer one is as smooth as pos-
sible. This matching procedure requires that the inner expansions
for large values of the inner variable be equal to the outer expan-
sion for values of the outer variable corresponding to the boundary
layer.18 For 5 = 0, this requirement can be expressed as

*) (27)

Pv(x) and Qv(x) are finite at x = a. Thus, the coefficient d0 must
be set to zero. A similar argument can be made about the integral of
Bi(t) in Eq. (30) so that c0 = 0. Finally, the term Qv(x) in Eq. (30)
grows logarithmically near* = 1 requiring that bQ = 0. Noting that
Py(l) = 1 for all v (Ref. 21), Eqs. (29) and (30) are satisfied only
when c0 = 0, a0 = 1» and Pv(a) = 0. The various solutions for
s = 0 are then

X°0(x) = Pv(;c), X0(£) = 0, = 1

(31)

where v is determined from the equation Pv(a) = 0.
The matching proceeds in a similar fashion up to order £5. At

order £, however, it can be shown that for all cases such that X0 ^ 1,
the coefficient a6 does not vanish, and the term

/"Jo
-a67t I Gi(t)dt

Jo
(32)

remains in the inner solution X^ (r?). During the matching process it
is necessary to avail the asymptotic expansion of Eq. (32) for large
r?. In fact, it can be shown22 that

Gi(t)dt 2yH" + - L(rj) for large rj (33)

where y is Euler's constant. Rewriting the preceding expression in
terms of the outer variable x yields

rJo 3
(34)

for x near 1 and s <£ 1. To match the term fk (1 — ;t), it is necessary
to retain the term &6 Qv (x) which also displays a L (1 — x) behavior
near x = 1. It remains to accommodate the term ( L<e)/3. To this
end, note that there is no such term in any of the assumed perturbation
expansions (13-16). Thus, it is necessary to modify these equations
by including an s L, £ term in the perturbation series. That is, let

X°(x) =

X7(r?) =

+ s (35)

(36)

(37)

(38)

lim (28)

It should be noted that the right-hand side of Eqs. (17), (20), and (24)
vanish for 5 = 0. Thus, the solutions XJ,(£), XJ(jc), and X^rj) are
given by Eqs. (19), (21), and (26). Further, applying the boundary
and normalization conditions, Eqs. (18) and (25), it is found that the
matching conditions, Eqs. (27) and (28), can be expressed as

lim {-(c0

+ b0Qv(x)} (29)

and

( r r r \im {c0 / Bi(t)dt + V3c0 I Ai(t)dt + l\
-^°° [ J o J o \

= ]im[aoPv(x) + boQ^x)} (30)

Examining Eq. (29) first, it is seen that the term ea^ grows ex-
ponentially and cannot be matched to the outer solution since both

Using these new representations, it is possible to achieve a satisfac-
tory matching at order £. The analytic expressions of the solutions
X°(x), Xl

s (£), X/ (77), and ks corresponding to an arbitrary clamping
radius a, are presented in Table 1.

Special Case a = 0
Significant simplifications occur when a = 0. In particular, the

zeroth-order frequency equation becomes Pv(0) = 0 which is sat-
isfied only when v is an odd positive integer, i.e., v = 1, 3, 5, . . .
(Ref. 20). Then, the corresponding Legendre functions reduce to
the corresponding Legendre polynomials, the first two of which
are P{(x) = x and P3(jc) = (5;c3 - 3x)/2. Further, the inner and
outer solutions can be determined in closed form using special func-
tions, i.e., the Airy and the DiLogarithm23 functions. Specifically,
these solutions, and the corresponding eigenvalues, were obtained
for the first two mode shapes and are presented in Tables 2 and 3,
respectively.

Examining the expressions presented in Tables 2 and 3, note that
there is no £ &v£ contribution to the functions X°(x), X'(£), X7(r?),
and the parameter A for the first mode whereas there exists a nonzero
term X£ (x) for the second one. This situation is a direct consequence
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Table 1 Singular perturbation mode shapes and eigenvalues for arbitrary a

Order X°s(x)

0

1
2

8°

£3

0

0
0

0
0

1
0

v(v-f
2 — :Py(a) =

0
0

-0

4 ei

53{1 -a$ -exp(-o?£)}

0

0

ra^
1 L dx

A=X0

Ai(t}dt•/' - r— 7T06 I Gi
Jo

Gi(t)dt

Obtain from solving:
lim XSP(X) = 06

f*Jo
at>— -\-a— -1

a \ 4 ct2

2A/'(0) 06 = --
-*o) (210 + 3) i f a p . j c ]«3= — ——a\ 3x \

L Jx

X6p(x) = -2Pv(x) r f i rI \ - —— /
J\ \ ^ ~~ *L"iA*)J J j

+ >,6Pv(s) - PV(S) ds dt

of the unit value of the parameter X0. Indeed, when A0 = 1, signif-
icant simplifications result from the vanishment of the (X% — X0)
term which occurs frequently in Table 1. These observations can
be used to resolve an apparent discrepancy between the work by
Peters4 and the papers by Lakin5 and Lakin and Ng.6 Specifically,
the former study did not include any s Ls term in the expansions of
X°(x), X* (£), X1 (r?), and X whereas the latter investigations did. In
this respect, note that Peters' study included an order e correction
only for the first mode for which no nonzero s tn.s term is present
as seen from Table 2. On the other hand, Lakin5 and Lakin and Ng6

have hypothesized the inclusion of s tn,e contributions but have not
carried out their analysis far enough to determine these terms or to
notice that they vanish for the first mode. The present work clarifies
these past efforts by explicitly demonstrating that e L, s terms are
present for all cases except when A,0 = 1, which occurs only for the
first mode and when a = 0.

Vibration
In a vibration study, it is necessary to estimate the natural fre-

quencies and mode shapes. The former quantities are determined
from Eq. (5) with the approximation

2 (39)

Finally, the mode shapes are determined from the composite expan-
sions of X°(x), X'(£), and Xl(r]).

Buckling
The singular perturbation buckling solution proceeds in an iden-

tical manner as the vibration solution. Specifically, the beam will

buckle if the natural frequency of the first mode shape computed
from Eqs. (5) and (39) is purely imaginary. Further, to determine
the critical value of s below which a beam would buckle, it is suf-
ficient to compute the lowest solution, s = ecr of the quadratic
equation

i transverse
in plane (40)

C. Regular Perturbation Solution
To motivate the forthcoming regular perturbation approach to the

solution of Eq. (3), consider first the limiting case a -> 1. In the
singular perturbation section, it was found that the boundary layer
thickness is proportional to si at x = a and £3 at x = 1. Since
e < 1, it follows that £? > ei and the free edge boundary layer is
thicker than its clamping radius counterpart. On this basis, it can be
expected that as a -* 1, the boundary layer at x = 1 will be the first
to cover the entire domain [a, 1]. Thus, whenever the normalized
beam length, 1 — a, is of the order of £ s, the response of the beam
should be governed only by the inner equation at x = 1. Under this
assumption, the governing differential equation becomes

dr?4

with the boundary and normalization conditions

X(A) = 0, X r(A) = 0, X"(0) = 0

Xw(0) = 0, X(0) = 1
(42)
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Table 2 Singular perturbation mode 1 shape and eigenvalues for a = 0
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s

0
1
2

3

Order

£°
1

£6

£3

1 /-I
£2 V j

*i(*>
0
0
0

f f r * 11
L/2 CXP 72 1

xj(*>
X

0
0

f 1 xl (l+X\\
"\ v I 2 7 I

*/0?)
1
0

-J?

0

A,

1
0
0

3V2
2

2(1 -

A+*M
+ X In I ————

\ 2 /J

x{^-l+exp|-^=

- 2;c poly log { 2,

0

-(3V2/2)/;

7 - 6 &v

where A = (1 — a)/ei. Since the small parameter £ only appears
in Eq. (41) through e3, a perturbation expansion of the function

of the form

(43)

is justified. To determine the correct form of the series representa-
tion of the eigenvalues A, an asymptotic, a —> 1, analysis of the
singular perturbation results presented in Table 1 was performed.25

This analysis suggested the expansion

(44)

The presence of a negative power of s could have been expected
since in the limit a -> 1, or equivalently e -> 0 for a fixed A, the
beam is characterized by infinite natural frequencies.

The essence of the present regular perturbation technique is to
rely on the expansions (43) and (44) for all values of a, not only
a « 1. This procedure is indeed a regular perturbation technique
since it is readily shown that Eq. (41) does not support any boundary
layer for finite values of A.

Combining Eqs. (41), (43), and (44) yields the following set of
differential equations:

n) d

7=0

where Xs = 0 for s < 0. For 5 = 0, Eq. (45) reduces to

d 4X 007)__ i M____

" *dr)4 dr)

(45)

(46)

the solution of which can be sought in the form of a power series
about the ordinary point 77 = 0, i.e.,

(47)

Introducing this assumed solution in Eq. (46), it is found that the
coefficients Yj must satisfy the recurrence relation

Yj+4 = + 4)0* + 2)0- 7 = 0 , 1 , . . . (48)

Four linearly independent solutions to Eq. (46), denoted by
V\(n)> ViO?). and ^3(77), can be obtained by setting y0 = 1» Ki =
K2 = 73 = 0 for VoO?); Xi = 1, Xo = X2 = Xs = 0 for VI(TJ)\ etc.
The general solution to Eq. (46) is then

(49)

where SQO, 5io, 820, and £30 are unknown constants. Applying the
boundary and normalization conditions (42) yields the values SQO =
1,820 = ^30 = 0, and the two relations

(50)

The preceding system of linear algebraic equations possesses a so-
lution only when

- V0
/(A)V1(A) = 0 (51)

For a given value of A, the preceding condition represents in fact
a nonlinear algebraic equation for the eigenvalue A._I. Once this
parameter has been computed by solving Eq. (51), the constant <510
is determined from Eq. (50) yielding the mode shape XQ(r)) in the
form

(52)

The determination of the corrections XI(YJ) and A,0, X2(^) and
AI , . . . , proceeds in a manner analogous to the singular perturbation
case. Specifically, note that the left-hand side of Eq. (45) is the same
for all values of s. Thus, the homogenous parts, [Xs (rj)]h, can all
be expressed in the form of Eq. (49). Further, the method described
in Ref. 19 can be used to produce particular solutions that consist
of products of polynomials in r\ and of derivatives of the function
XQ(T)), Eq. (52). In particular, for s = 1 it is found that

30*0 + 8^-0

_! rj

2
15'

7=0
(53)
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Table 3 Singular perturbation mode 2 shape and eigenvalues for a = 0

s Order ^(£) X°(x} ^(*?) ^

0 £°

1 £5

2 £3-

,, i 3^
3 £2 - ——

4 £5

5 £6

0
0
0

0

0

0 0
0 -6*7

\ X3Xp(jc) 0

5(3)3 r(i)p3(;c) X[(ri)

0 -(63V2/8)?7

6
0
0

63V2
8
0

0

(^
-25P3(jc)

4713- 567 L 2
8

0

^^-S-^^^^)

1 I"7)5r(i) / A/(
Jo

189 2573
2T(§)
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A two-term approximate solution of the eigenvalue problem,
Eqs. (41) and (42), is then obtained as

and

where

~
£3

(54)

(55)

p
(56)

The five unknowns appearing in Eq. (56), i.e., X0, 50i, <$n, <52i, and
S3i, are determined by applying the five boundary/normalization
conditions (42) and solving the resulting linear system of algebraic
equations.

In a vibration study, it is necessary to determine the natural
frequencies and mode shapes of the rotating beam. The stiff-
ness s is then known and the parameter A can be computed as
A = (1 — a)/s 3 . Then, following the previous discussion, the mode
shapes and eigenvalues are given by Eqs. (54) and (55). Finally, the
corresponding natural frequencies are determined from Eq. (5).

This procedure can also be used to test if the beam will buckle.
This phenomenon will occur if the natural frequency corresponding
to the first mode is purely imaginary. Finally, note that an approx-
imation of the buckling limit is readily available by selecting A.

according to Eq. (5). Then, Eq. (55) yields the critical value of s as

(57;

The asymptotic behavior of the parameter A_i = A_i(A) as
A — > 0 and A — > oo can be determined as follows. In the cast
A -» 0, corresponding to either a -> 1 or s -> oo, it is expectec
that the centripetal effects will be negligible with respect to the bend
ing ones. This assumption leads to the classical frequency equatioi
for a cantilever beam as

cos -(1 -a) |cosh| ̂ (1 -a) 1 + 1=0

the roots of which are

(58

(59

where f$n are the well-known nonrotating clamped-free beam fre
quencies.

Solving Eq. (59) for X and comparing to Eq. (55) yields the desirei
asymptotic relationship as

~r, a s A - > 0 (60

Considering the first mode, it is found that fii = 1.8751 and thu
P* = 12.36.
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Fig. 2 Comparison between exact and predicted asymptotic relation-
ships for A_I.
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Fig. 3 Exact values of A_i between asymptotic domains.

The case A -> oo corresponds to s -
Eqs. (31), (39), and (55) it is expected that

0. Thus, comparing

£5
•+V

v(v ass (61)

where Pv (a) = 0. Note that the above asymptotic behavior holds
for all values of a. Further, it can be shown that25

v(v
4(1 -a) 4Af ii f asa • (62)

where ^n is the nth zero of the Bessel function J0. Combining
Eqs. (61) and (62) yields the desired asymptotic relationship

x- -* a- as A oo (63)

Considering the first mode, it is found20 that ^\ = 2.40483 so that
M2/4= 1.4458.

A numerical comparison of the exact values of A._i computed by
Eq. (51) and the asymptotic behavior predicted by Eqs. (60) and (63),
which is presented in Fig. 2 for the first mode, confirms the validity
of the given limiting arguments. To permit an easy evaluation of the
eigenvalue A._i given a value of A, the function A._i (A) is presented
with linear axes in Fig. 3 for A € [1, 10]. Outside this domain, the
asymptotic relations (60) and (63) can be used to estimate accurately
A._i as seen from Fig. 2.

The determination of the limits of A0 as A -> 0 or oo can be
accomplished similarly by relying on more precise forms of the
asymptotic relations (59) and (62). Consider first the limit A —> 0.
Then, Eq. (59) can be recognized from Eq. (3), as the first term of the
regular perturbation representation of the eigenvalue A. for l/e <3C 1.
The corresponding two-term approximation can be shown to be

(64)

where

e I — a s l — a

. = 2 - «„#, +

and

cos(/)n) + cosh(/?n)

(65)

(66)

(67)
sin(^) + sinh(^)

Proceeding as in Eqs. (59) and (60) leads to the asymptotic relation25

. A 4

£3
.+-1 — a 1

Yn , f # Y n 1 1 ,— + 0 " = = T Z + ~ r ~ T + 0 «
-a [A A Je i

-0.37

-0.38

-0.39

-0.4

-0.41

= - 0.3775

Q = - 0.4076

0 2 4 6 8
A

Fig. 4 Exact value of AQ for mode 1.

10

from which the following limits are easily derived:

A1 )̂ -1 ~ A4 A

lim X0 = Sn

(69)

(70)

Note that Eq. (69) represents an improved approximation of Eq. (60).
The determination of the limit of X0 as A -> oo is accomplished

as in Eq. (62) by investigation of the behavior of the expression
y(v -f l)/2 as a -+ 1. Specifically, it can be shown that25

4(1-a)

from which it is found that

(71)

(72)

A plot of the function A0(A), presented in Fig. 4, clearly demon-
strates the validity of the asymptotic relations (70) and (72).

IV. Numerical Results
A. Vibration

Each of the three solution methods presented in the previous
section was used to solve Eqs. (3) and (4) for values of e ranging
from 0.001 to 4.0 with a = 0.0, 0.5, and 0.9 . In view of Eq. (5)
and to ensure a maximum of generality, the forthcoming discussion
will emphasize eigenvalues rather than natural frequencies. In this
manner, the results presented will be applicable to both transverse
and in-plane motions of the beam.

The "exact" results given in this section correspond to the power
series solution with 200 terms in the expansion of X ( x ) . To assess
the adequacy of this number, the eigenvalues and mode shapes were
also determined by using 100 and 300 terms. In all cases presented,
it was found that the eigenvalues obtained with 200 and 300 terms
were identical to the first four decimal places.

The eigenvalues corresponding to a = 0 are given in Tables 4
and 5 for modes 1 and 2, respectively. As expected, the singular
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Table 4 Mode 1 eigenvalues for a ~ 0 Table 6 Mode 1 eigenvalues for a = 0.5

£

0.001
0.004
0.010
0.040
0.100
0.400
1.000
4.000

Exact

1.07
1.15
1.25
1.66
2.42
6.14

13.55
50.64

Singular
perturbation

1.07
1.15
1.24
1.54
1.95
3.48
5.96

16.61

Regular
perturbation

1.10
1.17
1.27
1.67
2.42
6.14

13.55
50.64

Table 5 Mode 2 eigenvalues for a = 0

Exact
Singular

perturbation
Regular

perturbation

0.001
0.004
0.010
0.040
0.100
0.400
1.000
4.000

6.78
8.36

11.3
25.9
55.0

200.7
492.0

1948.6

6.89
8.86

12.5
29.8
63.5

229.1
557.2

2188.6

6.90
8.44

11.4
25.9
55.0

200.7
492.0

1948.6

0 0.2 0.4 0.6 0.8 1
x

Fig. 5 Mode 1 shape for a = 0 and e = 0.004.

perturbation method provides accurate approximations of the eigen-
values fore <^C 1. Note, however, that the accuracy rapidly decreases
as £, or more surprisingly as the mode number, increases. This latter
behavior is discussed in details in the Appendix where it is demon-
strated that the reduction in accuracy of the singular perturbation
approximation is associated with an increase, with increasing mode
number, of the relative magnitude of the bending terms with respect
to the centripetal ones in the outer domain. In fact, a simple analysis
has shown that this relative magnitude behaves approximately as
en2 where n denotes the mode number.

Considering next the regular perturbation method, it is found that
this approach also yields very accurate estimates, but throughout the
entire range of values of e. This result is somewhat surprising since
the regular perturbation method was devised initially only for a « 1
whereas the results shown in Table 4 and 5 correspond to a = 0.

The various approximations of the first two mode shapes corre-
sponding to a = 0 and s = 0.004 are presented in Figs. 5 and 6, re-
spectively. Clearly, the singular perturbation solution yields a mode
shape that is very accurate for mode 1 and slightly in error for mode
2, whereas the corresponding regular perturbation approximations
are nearly identical to their exact counterparts.

The lowest eigenvalues obtained for a = 0.5 by relying on the
exact, singular, and regular perturbation techniques are given in
Table 6. Note the degradation, with respect to the case a = 0, of the
reliability of the estimates obtained by using the singular perturba-
tion method. The regular perturbation method, on the other hand, is
as accurate as in the case a = 0 for all values of e. A comparison of
the mode shapes, which is not presented here for brevity, confirms all

Exact
Singular

perturbation
Regular

perturbation

0.001
0.004
0.010
0.040
0.100
0.400

2.86
3.51
4.72

10.67
22.54
81.88

2.79
3.14
3.60
5.08
7.24

15.56

2.86
3.51
4.72

10.67
22.54
81.88

Table 7 Mode 1 eigenvalues for a = 0.9

£

0.001
0.004
0.010
0.040
0.100
0.400

Exact

139
510

1252
4960

12378
49465

Singular
perturbation

38
79

149
460

1042
3830

Regular
perturbation

139
510

1252
4960

12378
49465

Fig. 6 Mode 2 shape for a = 0 and e = 0.004.

of the previous observations; the accuracy of the matching between
the exact curves and their singular perturbation approximation de-
creases as the mode number or the clamping radius a increases,
whereas the regular perturbation technique yields mode shapes that
are almost indistinguishable from their exact counterparts.

As a final check of the validity of these conclusions, the eigenval-
ues corresponding to a = 0.9 were computed and are presented in
Table 7. A comparison of these results with those shown in Tables 4
and 6 clearly demonstrates that the accuracy of the singular perturba-
tion estimates of the eigenvalues decreases as the clamping radius a
increases whereas the regular perturbation method provides reliable
approximations of these quantities for all clamping radii. Further,
the same conclusion was also found to hold in connection with the
mode shapes.

A simple justification of this decrease in accuracy of the singular
perturbation method as a ~> 1 can be found by considering the
asymptotic behavior of the terms X0 and X3. Specifically, it is found
that A0 oc 1/(1 — a) and X3 a 1/(1 — a)i. Further, it can also
be shown that X6 is proportional to 1/(1 - a)4 as a -» 1. Thus,
for a close enough to 1, an increase in the clamping radius yields
an increase in the term A.6 which is larger than its counterpart for
A.3 which, in turn, is larger than the change in the term A0. Thus,
as a increases from 0 to 1, the high-order terms of the expansion
of the eigenvalue A. become less negligible and the accuracy of the
three-term approximation, Eq. (39), decreases.

B. Buckling
The buckling limit for in-plane motions was determined by all

three solution methods and by the approximation techniques de-
vised by Peters and Hodges.12 These results are plotted in Fig. 1
using the coordinates aw, and fiw which allow direct comparison
with the work of White et al.24 It is seen that the singular perturba-
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Pw

- Exact
- - Regular Pert.

- - Singular Pert.
O White etal.
O Peters & Hodges

0.4 0.8 1.2 1.6 2
«w

0

Fig. 7 In-plane buckling stability limit.

tion method predicts accurately the buckling limit for aw < 0.5 but
does not provide any such estimate for otw > 0.5, or equivalently,
a < — 1 . Indeed, in this case there is no real number v satisfying the
£° frequency equation,9 Pv(a) = 0, and the singular perturbation
solution technique cannot be completed. Both the regular pertur-
bation and exact solutions, on the other hand, provide an excellent
agreement with the previously published results throughout the en-
tire range of values of e.

The determination of the in-plane buckling limit for small aw has
led to some disagreement in the literature. In Ref. 10 it was found,
through numerical studies, that buckling is not possible for ctw <
0.05 whereas Refs. 12 and 24 concluded that buckling occurs even
for ctw = 0. In fact, the asymptotic relationship giving the critical
value of stiffness below which buckling occurs was developed in
Ref. 12 as e = a2 /2. In applying the results of the present study,
it should first be noted that for small otw the critical stiffness s is
also small. Thus, the singular perturbation method is ideally suited
to resolve the controversy. Numerically, buckling was observed for
all values of ctw > 0, thereby supporting the conclusions of Refs.
12 and 24. To confirm the asymptotic behavior s = a2 /2, a three-
term Taylor approximation of the Legendre function Pv (x) was first
derived for x ~ 0. This expansion was then expanded with respect
to v for v w 1 up to and including the quadratic terms (v — I)2.
The resulting approximation of the Legendre function Pv(x) was
relied upon to evaluate the quantities A,o, ^.3, and A6 according to
Table 1 for a small dimensionless hub radius a. The buckling limit
was then predicted according to Eq. (40). This procedure led to the
asymptotic relation

(73)

or

<74)

which confirms and extends the results derived by Peters and
Hodges.12

V. Summary
The present investigation focused on both the determination of the

phenomenological behavior and the derivation of reliable approxi-
mations of the natural frequencies, mode shapes, and the buckling
limit of very flexible rotating beams. To this end, three different anal-
ysis techniques based on power series, singular, and regular pertur-
bation methods, respectively, were introduced and their respective
merits were assessed. Note that both the theoretical discussion and
the numerical results presented involved the eigenvalues of Eq. (3)
which are directly related to both the in-plane and transverse natural
frequencies through Eq. (5).

It was first found that although the power series representation,
Eq. (7), provides accurate approximations of the eigenvalues, mode
shapes, and the buckling limit for most values of the normalized
beam stiffness, s = E7/w£22/?4, it yields no phenomenological in-
sight into the behavior of these dynamic characteristics with respect
to the clamping radius a and the parameter s. Further, it was noted
that for very small s, of the order of 0.001, the determination of

the natural frequencies becomes a delicate problem since the ex-
act solution becomes ill conditioned. This difficulty was found to be
associated with the change in the structural model as s -» 0. Specif-
ically, in this limit, the rotating beam becomes a cord for which a
different set of boundary conditions applies, i.e., the finiteness of the
mode shape at the free edge and a zero displacement at the clamping
radius replace the four boundary conditions, Eq. (4).

To clarify the peculiarities of the limiting process s -> 0, a sin-
gular perturbation analysis of the equation of motion Eq. (3) was
conducted. Proceeding with this approach, it was assumed that the
bending terms were small in comparison to both centripetal and in-
ertia terms over most of the beams length. Then, it was found that
boundary layers exist at both ends of the beam. In these small do-
mains, the bending terms are large, comparable to the inertia and
centripetal effects. This analysis, which extended and generalized
some previously published work, demonstrated that the mode shapes
corresponding to a small but nonzero value of s can be expressed as
the sum of their limits as e -» 0, which represent the mode shapes of
a rotating cord, of local perturbations of magnitudes e s, s 5, and s 6
at the free edge, and £2 at the clamped edge and, finally, of pertur-
bations that affect the entire span of the beam and are proportional
to £, e f t vg , . . . . The closed-form expressions of the corrections of
orders up to and including e and e frv s are presented to provide a
basis for parametric studies.

The eigenvalues of the beam were also investigated. Specifically,
it was noted that these values can be expressed as the sum of their
limits as s -> 0 and of perturbations of magnitudes £°, gi, and e1.
The closed-form expressions for the corrections of orders up to and
including s and e &v£ were again derived to easily permit parametric
studies.

From a quantitative point of view, it was found that the singular
perturbation approximations of both eigenvalues and mode shapes
are most reliable when s <^C 1, as expected, but also for small clamp-
ing radii and for low mode numbers. The lack of accuracy of these
estimates for high mode numbers has been shown to be rooted in
the large magnitude of the corresponding bending term over the en-
tire beam length, not simply in the boundary layers as required by
the singular perturbation methodology. In fact, a rough analysis has
shown that the relative magnitude of the bending term with respect
to the centripetal one increases as n2 where n is the mode number.
The slow degradation of the accuracy of the singular perturbation
approximations as the clamping radius a increases can also be at-
tributed to a general increase in magnitude of all derivatives and, in
particular, of the bending term. Mathematically, this situation man-
ifests itself by an increase in the relative magnitude of the e 2 and el

terms with respect to the £° contribution. Thus, to maintain a con-
stant accuracy it is necessary, as a increases, to increase the order
of the perturbation approximation.

The case of a very short beam, a « 1, was then investigated to
provide a better understanding of these shortcomings of the singular
perturbation method. In proceeding with this asymptotic analysis it
was observed that the entire beam is, for a & 1, completely within
the free edge boundary layer. This observation has led to a trans-
formed version of the original equation of motion, Eq. (3), which
admits uniformly valid expansions of the mode shapes and eigen-
values in the form of Eqs. (43) and (44). Surprisingly, this novel
regular perturbation scheme was shown by numerical examples to
produce extremely reliable estimates for the mode shapes and nat-
ural frequencies not only for a ^ 1 but for all situations in which
the singular perturbation technique was shown to behave poorly,
even for e > 1. For practical applications, the coefficients A._i and
A.Q of the two-term eigenvalue approximation X = X _ i / e i + A0
have been computed as functions of the unique geometry parameter
A = (1 — «)/£3 and the results are presented in Figs. 2—4 for the
first mode. Given specific values of the clamping radius a and the
stiffness e, the parameter A can be computed and the coefficients
A,_! and X0 can be estimated from either Figs. 2-4 or the asymptotic
relations (63), (69), (70), and (72). Then, a reliable approximation
of the eigenvalue is obtained from Eq. (55).

Finally, it was noted that the power series, singular, and regular
perturbation solutions can also be used to investigate the buckling
of rotating beams. Then, it was found that the singular perturbation
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method provides accurate approximations of the buckling limit for
a < — 1 but yields no solution for other values of a. On the other
hand, the regular perturbation and power series methods were found
to be valid for all values of a and to yield estimates of the buckling
limit that agree very well with previously published results.

Appendix: Why the Singular Perturbation Method
Fails at High Modes

For the singular perturbation method to give accurate results, the
leading term in Eq. (3), sX""(x), must be much smaller than the
other two, i.e., -[(1 - jc2)X'(jc)]'/2 and AX(;t), for all values of*
belonging to the outer domain (a, 1). Under this assumption, Eq. (3)
reduces to the Legendre differential equation

(Al)

the solution of which is X(x) = Pv(x) with A = v(v + l)/2.
One way to estimate the importance of each term in Eq. (3) is to

compute the two integrals

/i =

and

/2 =
v(v + 1)Pv(x)\ dx

(A2)

(A3)

which approximate the rms values, over the interval (a, 1), of the
terms sX"" and XX which are, absent and present in the e° outer
approximation, respectively. The ratio I\ //2 is presented in Table Al
for a = 0.1 and s = 0.004. Note that the value a = 0.1 was
chosen over the simpler selection a = 0 to avoid the presence of
the Legendre polynomials Pn(x)-9 the first two of which result in
11 — 0. The results in Table Al clearly demonstrate that the term
eX"" has a negligible effect on the outer domain for modes 1 and 2
but contributes to a larger extent for higher modes. Thus, the neglect
of the term sX"" in the outer domain and, consequently, the use of
the singular perturbation technique is only appropriate for the first
two modes when e = 0.004.

A different justification of this phenomenon can be obtained direc-
tly from Eq. (3). Specifically, note first that the nth mode possesses
n — 1 zeros in the domain x e [a, 1]. Then, this function could be
approximated as

X(x) — cos (2n-
2(1 -a)

(A4)

Introducing Eq. (A4)intoEq. (A 1) it is found that the terms eX""(x)
and [(1 - x2)X'(x)]'/2 are of order e(n - I)4 and (n - I)2, respec-
tively. Thus, the singular perturbation approximation of the nth
mode shape will be accurate only if e(n — I)2 <3C 1. Equiva-
lently, for any given value e > 0, there exists a critical mode
number over which the singular perturbation technique will fail
to provide accurate approximations of the eigenvalues and mode
shapes.

Table Al /i//2 ratio for
a = 0.1 and e = 0.004

Mode /1//2

0.0014
0.0134
0.7554
4.7749
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